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The number of outside corners of monomial ideals
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The outside corners of a monomial ideal are the maximal standard monomials modulo that
ideal. Let c,( p) be the maximal number of outside corners of any monomial ideal generated by
p monomials in n variables. We show that c.(p)=O(p!"*) for fixed n. An exact calculation
for n=4 shows that the function ¢,(p) is not a polynomial in p. © 1997 Elsevier Science B.V.
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1. Introduction

Let ¢,(p) denote the maximal number of maximally (w.r.t. divisibility) standard
monomials for a monomial ideal (W,...,#;) in R=k[X;,...,X,]. This quantity is of
interest for Computational Commutative Algebra since it implies an effective version
of Macaulay’s result that every ideal 7 in R can be *“‘co-generated” by finitely many
functionals R — &, meaning that / is the largest ideal contained in the kernels of finitely
many functionals R — k [4,pp. 69 and 91]. In the author’s Ph.D. thesis [1] it is shown
that if / has a Grobner basis consisting of p elements then / can be co-generated by
cp(p)+1 functionals R — k. This bound is sharp.

In this paper we study c,( p) and estimate its behaviour for fixed » and varying p.
We establish that for n <4 and p>n, we have c,(p)=(n — 1)(p — n)+1 and, in
general, c,(p)=0O(p"™?) for fixed n. We also show that c4(p)=(p? —3p—2)/2 for
4<p<i2.

There seems to be a relation to the Upper Bound Theorem (see [5, Theorem 8.23,
p- 254]) which concerns the maximal number f,_;(p) of (n—1)-faces of an n-
dimensional polytope with p vertices. The above results suggest that c,( p) = fr—1(p)—
1 might hold. However, we will show that cs(13)=63 <(13? -3-13 —-2)/2=
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Jf3(13)— 1, thereby invalidating this wishful relationship. We also conclude that, unlike
Jo—1(P), cn(p) is not a polynomial in p.

We begin by introducing terminology and definitions. Let N be the set of positive
integers and No the set of nonnegative integers. The set Nj is a partially ordered set
(poset) under the component wise order.

Definition 1. A subset U C N is a filter if x>uc U=x €U for ali x,u € Njj. Like-
wise D C N is a co-filter if x <d € D=x € D. For a filter U of N} define Out(U) to
be the maximal elements of NJ\U. The elements of Out(U) are called outer corner
points or corner points of U.

Remarks. Clearly for x € Qut(U) all x' > x are in U, so one can picture x as a point

which is “outside” the filter but lies in a “corner” formed by the members of the filter.

This is why we use the word “out” for Out(U/) and we call each x € Out(U) an “outer

corner point”. Note also:

— U is a filter of N if and only if U+NjC U.

— For a filter U of Nj, Out(U) consists precisely of those points ¥ € Njj satisfying
¥¢U and ¥+¢é; €U for all i € {1,...,n}. This is the characterization of Qut we will
mostly use.

— For XeNj let C(X) be the filter generated by %, that is the orthant X+ Ng.
A subset GC U generates U if and only if U= J;.; C(X).

Recall the familiar combinatorial lemma of Dickson’s (see [3, pp. 163, 189]):

Lemma 2 (Dickson). Every filter of Nj is a finite union of orthants. Hence every
Sfilter of NP has only finitely many minimal elements.

Definition 3. Let % denote the set of filters of Nj which can be written as a union
of p or fewer orthants. Define c,(p)€{0,1,...} U {00} as

en(p)= max |Out(U)]. (1)

Looking at Fig. 1, we see a filter of N2 generated by 5 elements (black dots) together
with its 4 outer corner points (circles with dots in them).
Denote the filter generated by #,...,Mm, € Nj by (my,...,M,).

Lemma 4. For n <4 and n< p we have c,(p)>(n—~1)(p—n)+1

Proof. By Definition 1, we have for n=1 that {0} COut({1,2,..., p)) and for n=2
that {(p*—Z,O),(p— 3’ l)a'uf(osp_z)} QOUt(((P - 1a0)9(p_ 21 1)30“$(09p_ 1))):
so for n <3 and n< p we have by Definition 3 ¢,(p)>(n— 1)(p —n)+1.

For n=3 we see that {(0,0,0)}C Out({(1,0,0),(0,1,0),(0,0,1))) and hence
a@)z 1
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Fig. 1. An example of U € ¢2.

Secondly we can see that for m>1 the set Out({(0, 0,2m+1),(0, 2m+1,0),
Qi+l,m — i,m — i):i=1,2,...,m)) contains the 2m+1 elements (0, 2m, 2m),
(26, 2m, m — i),(2j,m — j,2m):i, j=1,2,...,m of N3, and therefore c3(m+3)>
2m+-1. Hence c3(p)>2p—5 for p>3. O

Proposition 5. For integers n,m, p,q >0 we have cpim(p+q) > ci(p)em(q).

Proof. Let i,...,84,,7,...,Fk €N} be such that {7,...,7x} is contained in
Out({iy,...,4,)), and let &y,...,0,17,...,i NI be such that {f,...,7,}C
Out((#,..., i,))- )
The set {(7:,7;):1<i<K, 1<j<L}CN§xNI'is now a subset of Out(((%;,0),...
(i, 0), (0,81),...,(0,5,))) C N& x N7 =N*"_ From this we see that if c,(p)>K and
cm(q) > L then cpym(p+¢)>K-L holds. Hence cpym(p+q) > ca( plem(q). O

Recall that for a real number x, [x] denotes the largest integer < x.
Lemma 6. For n>1 and p>3 we have c,([n/2)(p+1))> p2.

Proof. For n=2/ we get by Lemma 4 and Proposition 5 ¢y, (/(p+1)) > c2(p+1)! > p!
for all p>1. For n=2/+1 we get in the same way co; .1 ({(p+1))>ca(p+1) 13
(p+1)>p'2p-3)>p! forall p>3. O

Remark. If we fix n>1 and look at c,(p) as a function of one variable p, then
clearly c,(-) is an increasing function by definition. Lemma 6 can be used to show
that for a fixed n the function c,(p)/p™? is bounded below by a positive integer (see
summarized results in Theorem 19).
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2. An upper bound for c,( p)

Definition 7. For a filter U in Nj, we say that X € Nj is i-adjacent to U if for some
i€{l,...,n} we have 3¢ U and i+¢é; € U. We will say that ¥ is adjacent to U if
there is an i € {1,...,n} such that ¥ is i-adjacent to U.

Remark 8. Let m € Nj. If ¥ € Nj is i-adjacent to C(/), then x;+1=m;.

If now X,7,,...,Mm, € N} are such that ¥ is i-adjacent to C(m;) for all i, then the
previous remark asserts that ¥ =(mj;—1,...,m,,—1) and that m,...,m, are all distinct.
With this in mind, we can easily get the following lemma.

Lemma 9. For n>1 we have c,(n)=1 and c,(p)=0 for p<n.

Remark. It follows from the definition of Out that Out(U) is contained in the union
of the sets Qut(¥'), where ¥ ranges over the filters generated by all n-element subsets
of {,...,m,}. Since each of these sets Out(}) has cardinality at most 1, Out(U)
has cardinality at most p!/n!(p —n)!. A better bound will be found later in this
section.

For a fixed n€ N define the map P :Nj — Ny simply as B(X)=x;, the ith com-
ponent, and let m;, ; :Nj— Ng_k be the projection where components ij,...,i are
omitted. In a context where n is given, n will throughout this paper mean the map
T, N§ — Ng_l.

Lemma 10. For any filter U C N we have the following:
(1) [Out(U)| = |m(Out(U))| for all i€ {],...,n}.

(i) Out(n(U)) N r(Out(U))=49.

(iii) |Out(U)|+|Out(x(U))| = [n(Out(U)) U Out(n(U))|.

For the remainder of this paper, whenever the symbol U occurs, it will denote a filter
generated by a p-tuple of elements written 7y, ...,m,; that is U= |J7, C(m;) C N
Thus, whenever we specify elements 2y, ..., M, this will be understood to specify U.
Also U~ will always mean Ui”z_l1 C(m;). If p+1 points my,..., My are given, then
U will mean (J7 | C(#;), and U™ will mean Ui’:ql C(#m;). If we for some reason put
primes or stars on the points iy, ..., ,, say ..., or rhi*,...,rﬁ;, then U’ and U™
will always mean |/, C(}) and {7, C{#]") respectively. All this can be combined;
for example, U** will mean |J7}' C(}).

Lemma 11. If /in,...,m, € Nj are such that mp, = max;{m;,} then
(i) Out(U~)COout(V).

(i) m(Out(UN\Out(U~)) C Out(n(U~)).

(iii) [Out(U)| < |Out(U )|+ |Out(m(U~))l.



G. Agnarsson| Journal of Pure and Applied Algebra 117 & 118 (1997) 3-21 7

Proof. To prove the first statement, let ¥ € Out(U~). There is an i€ {1,...,p — 1}
such that X is n-adjacent to C(;). By Remark 8 x,+1=mj, < mp,, so X ¢ C(,) and
therefore X ¢ U. Since U~ C U we have x € Out(U).

To prove the second statement let ¥ € Out(U). We shall first show that ¥4+ ¢& € U™
for all / <n, then deduce from this that if x¢Out(U™), we must have n(X)¢
Out(n(U~)). There is an i€ {l,..., p} such that ¥ is n-adjacent to C(#;). By Re-
mark 8, we have x,+ 1 =m;, and, hence, mp, >x,. If /€ {1,...,n} and +¢&, € C(m,),
then we get F(X+¢é;) > B, (my) = mp, > x, = F,(X) and, hence, / =n must hold. So for
XeOut(U), we have x€ U~ and

+é,eU” forall Ie{l,...,n—1}. 2)
If in addition we assume X & Out(U ™), then we have
48, eClm\U-, (3)

since, otherwise, it would be in Out(U~) by (2). Now because X ¢ C(m,), we get
Xn+1=m,, by Remark 8 and this holds for all X € Out(U)\Out(U™).

Let ¥ € Out(UY\Out(U~) and assume n(¥)€ n(U ™). This means there is y € Ny
such that (n(%),y)e U~. Since ¥=(n(X),x,)¢ U, and U~ is a filter, y >x, and
hence there is a smallest integer z € {x,+1,..., ¥} such that (n(%),z)€ U~. Hence,
there is an i€ {l,...,p — 1} such that (n(%),z — 1) is n-adjacent to C(#;). By
Remark 8 we have z =m;,. By definition of z and our choice of m,,, we now have
Mip =2 > Xy + 1 = mp, > m;, and hence z =x,+1. This implies ¥+ €, =(n(¥),z)e U™,
which cannot be by (3). We therefore have for ¥ € Out(U)\Out(U~) that n(X)¢
n(U7), and by (2), we get n(X)+é& en(U™) for all 1€ {l,...,n — 1}. Therefore,
(X)) € Out(n(U™)).

Finally, to prove the third and the last statement, we have by Lemma 10 and the
second statement that

|Out(U)| = [Out(U)\Out(U )|+ |Out(U) N Out(U ™)
< |m(Out(U)\Out(U™))| + |Out(U )|
<[Out(n(U™ )|+ [Ouwt(U7). O

Lemma 12. If m,...,m, € NJ are such that my, > m;, for all i < p, then =(Out(U))
U Out(n(U)) is the disjoint union of the sets n(Out(U~)) U Out(n(U™)) and
Out(a(U))\Out(n(U™)).

Proof. Let
4=n(Out(U)) U Out(n(U)),
B=n(Out(U™)) U Out(n(U™)),
C = Out(n(U))\Out(n(U™)).
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First let us show BNC = . Of the two terms whose union defines B, the first one is by
Lemma 11 contained in #(Out(U/)), which by Lemma 10 is disjoint from Out(n(U))
and hence disjoint from C, while the second is disjoint from C by definition of the
latter set.

Let us show now that 4 C BUC. Clearly Out(n(U)) C [Out(n(U))\Out(z(U~))]U
Out(n(U~))C CUB=BUC. To show that 7(Out(V)) € BUC, note that n{Out(U)) C
[=(Out(UHYN=(Out(U~ )] U n(Out(U ™)) C n(Out(U)\Out(U ™)) U n(Out(U™)). By
Lemma 1l we have m(Out(U)\Out(U/~))COut(n(U")) and, hence, we get that
n(Out(U) CBCBUC. So we have ACBUC.

Let us finally show BUC C 4. Clearly we have C C A4, To show B C 4 note first that
by Lemma 11 we have Out(U~)C Out(U) and hence n(Out(U ™)) & n(Out(U)) S 4,
s0 it only remains to show that Out(n(U ™)) CA4. Pick & € Out(n(U™)). We consider
two cases:

Case (i): & ¢ C(n(mp)). By our assumption # € Out(n(U™)) we have #&n(U™).
Therefore we have @ ¢ n(U~) U C(n(my,))=mn(U). However, since # € Out(n(U™))
we have for each /e {l,...,n — 1} that #+éen(U~)Cn(U) and hence #cOut(n
(UncA4.

Case (ii): # € C(n(my)). In this case we shall show that #€n(Out(U)), thus estab-
lishing that in both cases, #€4. Let X = (i, mp, — 1). We will show that X € Out(U).
By definition of ¥ we have ¥ C(m,). If now ¥ € U™ then i =n(¥) € n(U™), which
contradicts our assumption that % € Out(n(U™)). Hence X ¢ U™ U C(#,) = U.

For I €{l,...,n} we must show that ¥+&; € U: If [ =n, then since &€ C(n(m,)),
we have ¥+¢&; =X+¢&, = (#,my,) € C(Mp) C UL

If 7e{l,...,n— 1}, then we have #+& €n(U ) and hence #4¢é; € n{(C(m;)) for
some i < p. Since now X+ & =(ii+€é;,mp, — 1) and my, —~ 1 > m;,, we have i+é; ¢
Cim)CU~CU.

Thus, in this case where & € C(n(#y)), X = (&, mp, — 1) € Out(U') and hence & = n(X)
€ n(Out(U))C 4, as required. O

By induction on p>n — 1, we get from Lemma 12 the following corollary:

Corollary 13. Let p>n— 1 and my,...,m, € N} be such that
Fu(my) < - SB(ig) < -+ <B(my). 4)

Forie{n-2,..., p} let Ui=J)_, C(#), and for i€ {n—1,..., p} let A;=Out(n(U:))\
Out(n(U;-1)). If U = U, is the filter generated by all vi; then n(Out(U'))U Out(n(U))
= UL, _, Ai where the union on the right is disjoint.

Let y,...,M, € Nj. By the definition of Out, we see that each element of Out(U)\
Out{U ) must be i-adjacent to C(#,) for some i/, since otherwise, that element would
be in Out(U/ ). Hence we have the following lemma.

Lemma 14. Every point in Out(U)\Out{U/™) is adjacent to C(mp).
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We now have the basic tools to get some more descriptive results:

Lemma 15. maxyeer (|Out(U)|+|Out(n(U))|)=ca(p+1).
Proof. Let .../, € NJ. We may assume mpi1, = max;{m;,} to hold. By
Lemma 11(iii) we have |[Out(U™")| < |Out(U)|+|Out(n(V))| for all U* €4, and
hence ca(p+1) < maxyee:(|Out(U)|+|Out(n(U)))).

To prove the reverse inequality, we shall comstruct, for any y,...,m, € Nj,
a point i1,y such that the filter U™ generated by #),..., 11,4 satisfies [Out(U)| >
|Out(U)| + |Out(n(U))|. Thus, letting ,,...,m, range over all such p-tuples, the
desired inequality follows.

Let r,...,mp, € N} and let m= max{my:1<i<p}. If x€Ou(U), then by
Remark 8 we have x, + 1 =m;, <m for some i and hence

x, <m—1 for all x€Out(U). (5)

Let i, = (m+ 1)é] and hence Ut = Uf:ll C(m;). We have by (5) that Out(U) N
C(rp41)=0 and hence Out(U)N U =0, so by definition of Out we have

Out(U) C Out(U™). (6)

Let f: Ng'l — Nj be the injective map defined by # — (&, m). Having now con-
structed i,y and f, we assert that Out(U™) contains the union of Out(U) and
S(Out(n(U))); that this union is disjoint and that the image of f is disjoint from
U™ is easily seen by (5) and the definition of f. To see that f(Out(n(U))) is con-
tained in Out(U*), note that for & € Out(n(U)), f(i) is always n-adjacent to C(#i,4 ).
To see that for # € Out(n(U)) and [ < n, f(%) is I-adjacent to U™, choose an i such
that # is /-adjacent to n(C(m;)). Then f(&) is /-adjacent to C(#;), and the assertion
follows together with (6). O

Remark. Let iy, ..., M, € Nj be such that |Out(U)| = c,(p) and my, > m;, for all i. For
m = max;{m;,} and rﬁll, =(m+ 1)é,, let U’ be the filter generated by rﬁl,...,rﬁp_l,rﬁ,',.
As we saw in the previous proof, we have |Out(U’)| > |Out(U~)| + |Outn(U™))| >
|Out(U)| = c,(p). Hence, when considering a filter U with |Out(U)| = ¢,(p), we can
assume i, =(m + 1)é&,, and therefore in particular, we can assume m,, > m;, for all

i # p, which is what we will do in the proof of our next theorem to come.

By Lemma 15 and (1) we have

ealp + 1) <cu(p) + cna1(p). N

Note that if, for fixed n, we think of ¢, as a sequence, (c(0),c,(1),...), then (7) says
that the difference sequence of the sequence c, is bounded by the sequence c,_;. So,
for instance, if c,_; can be bounded by a polynomial of some degree d, then ¢, can be
bounded by a polynomial of degree d + 1. The next theorem will give a stronger result:
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the difference sequence of ¢, is bounded by a constant multiple of ¢,..5. This will then
allow us to bound the sequence ¢, above by polynomials whose degrees increase by
1 as n is increased by 2 and which, in fact, have the same degrees as do the lower
bounds of Lemma 6.

Theorem 16. For integers n>2 and p>1 we have co(p + 2)<c,(p+1)+(n—1)
Cn—Z(p)-

Proof. Since c,(-) is finite we may assume we have #y,...,M,,; € N such that
ca(p+2) == |Out(U*)| + |Out(n(UT))|. We may assume my,,1, > m;, for all i < p. By
Lemmas 10 and 12 we have

ea(p +2) = |0ut(U™)] + [Out(m(U™))|
= |m(Out(U)) U Out(m(U))|
= |n(Out(U)) U Out(n(U))| + |Out(n(U™*))\Out(n(V))|
= [Out(U)} + |Out(n(U))| + [Out(n(U ")\ Out(n(V))]
<ep(p+ 1)+ [Out(z(U))\Out(n(U))[.

By Lemma 14, all the points in Out(z(U*))\Out{n({/)) are adjacent to the or-
thant C(n(#ip+1)). Hence if we let B; be the set of points in Out(n(U™)) that are
i-adjacent to C(n(#ip41)), then we have Out(m(U*))\Out(n(U)) C U;’;] B; and there-
fore |Out(m(U*)\Out(n(U}))] < E:‘;’ {B;|. We will show that |B;| <c¢,-2(p) for all
ie{l,....n}.

Since @ € B; is i-adjacent to C(m(#,41)), we have by Remark 8 that u; =mp.y; — 1.
Foric{l,...,n—1} and a€ Ny let P(a)=N;" x {a} x N7~ CN;~!. By Remark 8
we have B; C P(mp,1; — 1), which we shall simply write as F,.

Let i € B;. Since i € Out(n(U™)), we have in particular & ¢ ©(U). Let je{1,...,1,
...,n—1}. We clearly have C(n(#ip41))N P =1, so since i1+ ¢ € P, we have i+ & ¢
C(n(#ip+1)). Since, on the other hand, # € Out(a(U ™)) and hence &+ & € m(U™), we
have that & + & € (U T)\C(n(ip+,)) C 7(U). We therefore have for all i € B; that

g n(U)NA, g
i+é&en(U)nP forall je{l,....0,...,n—1} ®)

Note that for any a € Ny the map =#; restricted to P(a)C Ng‘i is injective. We get
therefore from (8) that the following holds for all i€ B;.

m(u) € m(m(U) O R),

9
m(@l) + &l € n(m(U)N P) for all 1€{1,...,n—2}. ®

One can easily get that for any 2 € Ng and any b e NS“’ the following holds in Ng“zz
if a < b,

i 0
m(C(b) N P(a)) = { C(n(b)) ifa<h
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Therefore, since U = Uf’zl C(m;) C Nj, we see that H;=n;(m(U) N B) is a union of
at most p orthants in NS‘Z. Since B; C P, and =; restricted to P, is injective, we get
by (9) that
B <|{FEN;?:5¢ H; and 5+ ¢&7 > €H, forall i <I/<n-2}|
< Cn—Z(p)'
So we finally have |Out(n(U))\Out(n(U))| <(n — Dcp—a(p). O

Lemma 17. For n <4 and p>n we have
c(p)=(n—1)(p—n)+1. (10)

Proof. For n=1 we get by definition ¢;(p)=1 for all p>1.

For both n=2 and » =3, we have c,(n)=1 by Lemma 9, as required. Moreover for
n=2, (7) tells us that the difference between successive values c,(p) and c,(p + 1)
is at most ¢,—1(p)=ci(p)=1=n—1, while for n=3 Theorem 16 tells us that these
differences are at most (n—1)c,—2(p) =2¢1(p)=2=n—1. So in each case, the function
¢, has the value given by (10) for p=r and does not increase faster than the left-hand
side of (10). But Lemma 4 shows that in each of these cases, ¢, has at least the value
given by (10); hence the lemma follows. [

Corollary 18. For n>2 and p>1 we have
cn(p) < (2p)3. (11)

Proof. By Lemma 9 we have (11) for all n>2 and p € {1,2}. By Lemma 17 we have
cx(p)=p—1<(2p)?? and c3(p)=2p—5 < (2p)P/). So we have (11) for n€ {2,3}
and p>1. We have in particular (11) if n+ p <6. We will proceed by induction on
n+ p. Let N > 6 be given and assume we have (11) if n+p < N. Let n>3 and p >3
be such that n+ p=N. Note in the calculation below that for any positive integer
m we have 2[m/2]>m — 1 and [(m — 2)/2]=[m/2] — 1. Also we use the “binomial
inequality” (x + 2)™ > x™ + 2mx™! for all real x > 0. We have now by Theorem 16

en(p) S ca(p— 1)+ (n— Deaa(p—2)
< @2p—2)" 4 (n— 1)(2p — 4)ln=22

<@ -2 +2[3] @p -2
< (Zp)["/zl.

Hence we have (11) forall n>2 and p>1. O

By Lemma 6 one can easily show that

> (n+ /2™,
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for all p>n>2. With this in mind together with Corollary 18 we have:

Theorem 19. Consider c,( p) for positive integers p > n. There exist positive functions
e, K:N — R" of one variable n such that

e(n) p"? < co(p) < K(n)p?

for all p>n, which more compactly is denoted by c,(p)=0(p").

3. Technical results on outer corner points

The main result we state in this section is the following lemma, which will be used
in the last section in which we consider the case n=4.

Proposition 20. There are hy, ..., m, € N§ satisfying the following:

= [Out(U)| = cal p)-

~ {my,...,mp} forms an antichain in Ny,

~ Writing nu,... 1, as column vectors in the following nx p matrix M, we have
M =[] |mp]=[D|(p — n+ 1)I] where D is an n x (p — n) matrix, each row
of which is a permutation of the positive integers 1,2,..., p—n and where I is the
R X n identity matrix.

Remark. We see in particular that for given n and p > n, there are ((p — n)!)" pos-
sibilities for the matrix D. So in order to calculate ¢,(p), we “only” have to find the
maximal |Out(U)| for these ((p — n)!)" possible matrices M in the above lemma.

Many of the following lemmas are easy, and we just sketch the proofs.

Lemma 21. Ij'rﬁl,.,‘,rfep,rﬁ;,...,rﬁ;eNg and forall 1€ {1,...,n} and a,be{1,..., p}
we have

Pi(rig) 2 Pi(riy) < Pi(i;) > Pi(ifiy), (12)
then we have that |Out(U)] =|Out(U")|.

Proof (sketch). Since for real numbers x and y we have that x=yp & x>y and
x <y, we get from (12) that equality holds on the right side if and only if it holds
on the left. For ¥ € Out(U) there is for each /€ {1,...,n} an a; € {1,..., p} such that
¥ is l-adjacent to C(#i,, ). By Remark 8 ¥ = (Pi(m,,) ~ 1,..., F(#ig, ) — 1). If we now
let ¥ =(P(#, ) — 1,...,B(m;, ) — 1), then we derive two things from (12). On the
one hand, ¥ — ¥ is a well-defined bijection, and, on the other hand, ¥ € Out(U) <
¥ € Out(U’). Hence we have the lemma. [J
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If k€N and X =(x1,...,x,), then kX will always mean (kx,,...,kx,). For k€N and
fiy,. .., i, € NE let UF = ;.';IC(krﬁi).

Letting i} = kii; in Lemma 21, we see that iy, ..., 7, My, ..., i, € N satisfy (12),
and hence |Out(U)| = |Out(U*)|. The map % — %' defined in the proof of Lemma 21
can in this case be given by the formula

su(®) = ki + (k — )L, 1,..., 1), (13)

Let B(a,b)={y¢c Nj:a<y< b}. For ¥ €Out(U) and j € B(kX,s;(¥)), we have in
particular 7 < s;(%) € Out(U*). But since Out(U*) is the set of maximal elements of
NZ\U*, which is a co-filter, we have 7€ NZ\U¥; that is ¢ U*.

Again, if 7 € B(k%,5,(%)), we have J > kX and therefore j + ké; > kX + ké; = k(X +
é)EkU CU*. Hence, y + ké; € U for all 1€{l,...,n}.

We summarize in

Lemma 22. For k€N and m,,...,mp, € Nj we have:
(i) The map si: Out(U) — Out(U*) defined in (13) is a bijection.
(i) If x e Out(U), then for every ¥ € B(kX,sx(X)), we have
- yEUY,
- J+ké Uk forall 1€{1,...,n}.

Lemma 23. For n>1 and p>n we have co(p+1)>cy(p)+n—1

Proof. Let p€N be such that p>n. Let rny,..., 7, € Nj be such that [Out(U)| =
ea(p). By Lemma 22 we also have {OQut(U?)| =c,(p). Since p>n Out(U?) contains
at least one point which by Lemma 22 has the form s;(#) for some m € Qut(U). If
U'=U? U {sy()}, then U’ is a filter generated by 2y, ..., 20, 5,(ri). We want to
show that |Qut(U")| > ca{p) +n— 1.

If ¥ € Out(U)\{s52(#71)}, then ¥ ¢ U? and hence ¥ ¢ U’. From this and the fact that
U? C U’, we get by definition of Out that

Out(U*)\{s;()} C Out(U"). (14)

For each i€ {l,...,n} let ;=2 + & + --- +€§ 4+ .-+ &,. Note that the only
even coordinate of X; is Pi(X;); hence the n points X; are all distinct. Let S be the set
of these # points. We will show that § C Out(U’): Since S C B(2r,s2(m)), we have
by Lemma 22 that S N U? =0, and, since s;(71) ¢ S, we have SN U’ =0. Again, by
Lemma 22 and the definition of S, we also have that %;+&; € U’ for all i,/ € {1,...,n},
and hence

S Cout(U’). (15)
Finally, note that for all i € {1,...,n}, we have that ¥; + & =s:(m) & U? and hence

Snout(U*)=40. (16)
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From (14)—(16) we get

ealp+1) >[0ut(U")]
2 |(Out(U)\{s:()}) U S|
> |0ut(U*)\{s20)}| + 18]
=(ci(p)—1)+n g

Remark. Basically, what we did in the above proof was to change one outer corner
point of U? into n distinct outer corner points by adding an orthant to U at that
particular outer corner point. This method could be used to prove a more general
result: For p > n let U, be such that |Out(l},)| = c,(p). For g >n and sufficiently large
k, one can again change one outer corner point ¥ of q," to c,(g) distinct ones by
adding g — n orthants appropriately in the cavity created by the n orthants that %
is adjacent to. In this way one can get c,(p + ¢ — n)>c,(p) + c,(qg) — 1 for all

pqg=n.

Proof Proposition 20. Let r1,...,7, € N§ be such that |Out(U)| =c.(p). Assume
for a moment that the m are labelled in such a way that Pi(#;) < --- < Pi(ni,). Let
r?z'l,...,rh}'7 € NP be defined by i, = (i, n(m;)) for all i € {1,..., p}. If now % € Out(U),
let i €{1,..., p} be the least positive integer such that ¥ is 1-adjacent to C(##;,). In
this case, it is not too hard to show that ¥ = (iz — 1, m(¥)) € Nj is in fact a member
of Out(U’). By Lemma 10, ¥ — % is injective, and hence |Out(U)|< |Out(U")].
We have shown that if |Out(U)| =c,(p), then we can assume the first coordinate
of my,...,m, to be precisely the integers 1,2,..., p. In the same way we can show the
same for every other coordinate of m,,...,nm,. Hence there are n,...,n, € Nj such
that |Out(U)| =c,(p) and {Pi(;):i=1,..., p}={1,..., p} for all I€{1,...,n} and,
hence, m,...,m, € {1,..., p}".

If now i€ {1,..., p}, there must be an ¥ € Out(U) adjacent to C(;), since otherwise
we would have Out(U)C Out({#i,,..., ..., 7,)) and hence ca(p)=|Out(V)] <c,
(p — 1), which would contradict Lemma 23. This fact that every C(#;) has at least
one outer corner point adjacent to it implies that at most one coordinate of each ; can
be the maximal number p. We can therefore further assume r,,..., %, € {1,..., p}"
to be labelled in such a way that P(#i,,_,)= p for all I€{1,...,n}.

Now, consider the filter U* of Ng generated by my,...,M,_n, péy,..., pé,. Clearly
U C U™, and moreover, since each ¥ € Qut(U) is /-adjacent to some C(#%) for all /,
we get by Remark 8 that ¥ € pé; for all j € {1,...,n}. Hence Out(U) C Out(U*). We
can therefore further assume #i,.;_, =(pé;) for all /€ {1,...,n}.

We now have for /€ {1,...,n} and j€{1,..., p — n} that P(m;)e{l,...,p — 1}
and |{Pi(i;):j=1,...,p — n}|=p — n. Therefore we can by Lemma 21 assume
{P(m;):j=1,2,....,p —n}={1,2,...,p — n} for all I€{1,...,n}. Hence we have
Proposition 20. [
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4, The case n=4

From Theorem 16 and Lemma 17 we already have

ca(p+ ) —a(p)<3-alp-1)=3(p-12)

for all p >4. We will show that there is a smaller bound than this. First we must state
the following lemma.

Lemma 24. For a filter U in N} generated by p elements, there are at most p — 1
points of Out(U) that are adjacent to a given octant C(m), where m is one of the
generators for U.

Idea of proof. This statement is in fact easy to believe if we consider the example
given in Fig. 2. If we imagine looking along the z-axis in Ng (the circled X-sign by
the letter z in the figure means that the z-axis is perpendicular to and is pointing into
the page), then we see 21 outer comer points adjacent to a given C(m), where m is
one of the 22 generators. The idea of this lemma is that the octants that share outer
corner points with C(r) lie in a “cycle” around C(m), with one outer corner point
falling between each two successive members of this cycle. Hence there are the same
number of outer corner points as elements in the cycle. [

From this lemma we deduce the following corollary:
Corollary 25. For p>4 we have ca(p+ 1) <ca(p)+ p— 1.

Proof. By Lemma 15, there is a filter U of Ng generated by my,..., M, € Ng such that
[Out(U)| + [Out(z(U))| =c4{p + 1). By Lemmas 10 and 12, we get for this filier U

z

® =z

Fig. 2. Outer corner points of U adjacent to C(#1) in N%.
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that
ca(p+1) = [Out(V)| + [Out(n(V))]
= |m(Out(U)) U Out(n(1)))|
= [(Out(U™)) U Out(n(U ~))| + [Out(n(U))\Out(n(U )|
<cy(p) + [Out(m(U))\Out(n(U 7))

By Lemma 14, all points of Out(z(U))\Out(n(U ™)) are adjacent to C(n(r,)). By
Lemma 24, there can be at most p— 1 such points, so the last expression in the above
display is < csa(p)+p—1. O

Note that a function with value 1 at p =4 and whose difference function is p—1 for
p>4,is (p* — 3p — 2)/2. By this observation, the preceding corollary for the bound
on the difference, and Lemma 9, we have the following:

Corollary 26. For all p >4 we have

P -3p-2)
> :

Moreover, if the equality holds for some p, then equality holds for all smaller p.

ca(p) <

Consider the filter U of N§ generated by the 12 points:

(9,0,0,0),(0.9,0,0),(0,0,9,0),(0,0,0,9),(6,7.4,1),(2,3,8,5),
(5,8,3,2),(1,4,7,6),(8,5,2,3),(4,1,6,7),(7,6,1,4),(3,2,5,8).

If I is the monomial ideal of R=k[X;,X2,X3,X4] corresponding to the filter U, and
m is the maximal ideal of R generated by the indeterminates, then one can calcu-
late dimy((m:1)/I)=|0ut(U)| using a computer algebra system (i.e. [2]), and find
{Out(U')| =53 for this filter U. By Corollary 26 we therefore have

Lemma 27. cs(p)=(p* —3p —2)/2 for pc{4,5,...,12}

In the same way, we get for the filter U of N{ generated by the 13 points:

(10,0,0,0),(0,10,0,0),(0,0, 10,0),(0,0,0, 10),
(7) 874’ 1),(274’ 9’5)’(6,9’ 372)’(175’ 8,6)5
(9,6,2,3),(5,1,7,7),(8,7,1,4),(4,3,6,8),(3,2,5,9),

that [Out(U')| =63, and hence, again by Corollary 26, we have
Lemma 28. c4(13) is equal to either 63 or 64.

In order to determine c4(13) completely, we need a couple of lemmas.
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Lemma 29. Let U be a filter of N§ generated by m,,...,m, €N} that satisfy the last
itemized condition of Proposition 20. If |Out(U)| =( p* — 3p — 2)/2 then the following
holds:
(i) For any i€{1,2,3,4}, {m(m;):l€{l,..., p}, | # p+i—~4} forms an antichain
in N3,
(ii) For any pair {i,j} of distinct elements of {1,2,3,4}, {m;;(m;):1=1,2,... p—4}
contains no 3 element chain in N3,

Proof. By symmetry it suffices to prove the first statement for i=1 and the second
statement for {i,j} = {3,4}. In that case, in order to simplify index labelling, we will
relabel 7y, ..., 7, as follows:
r;ll :(p - 3’0,050)7
7;!2 = (0’ P 370’0)5
my=(0,0, p — 3,0), 17)
{P(m)):1=4,...,p—1}={1,..., p— 4} for all i€{1,2,3,4},
ﬁlp = (090,0’ p—- 3),
such that (4) is satisfied. Up to the order of the rn;, these assumptions imply the last
itemized condition of Lemma 20 in the case n=4.
Forie{2,..., p} let U; = |J,_, C(sit;). By our assumption in (17) and (4), Corollary

13 now applies. By Lemmas 14 and 24, we have |Out(n(U;))\Out(z(U; )| <i—1
for i>1, and hence by Lemmas 13 and 10 in this sequence, we get

p—1
(P =3p-22=1+ (-1
i=4
p—1
> 1+ Y [Out(n(U))\Out(n(Ui-1))|

i=4

p—1
U Out(n(U))\Out(n(U;-1))
i=3

= |7(Out(Up-1)) U Out(n(Up-1))|
= |Out(Up-1)| + |Out(n(Up-1))|. (18)
Now, by Lemma 11(iii), we have for U = Uj:

10Ut (Up—1)| + [Out((Up—1))| = [Out(T})|
= |Out(U).

(19)
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Now if [Out(U)|=(p? ~ 3p — 2)/2, then we see that inequalities in (18) and (19)
must be equalities. In particular, this condition on the inequality in (18) means that
jOut(n(U; D\Out(n(U;—1 )| =i — 1 for each ie{4,...,p— 1}.

So in order to prove both the first and the second statement of Lemma 29, it suf-
fices therefore to show that if either of the statements is false, then there exists an
i€{4,..., p— 1} such that

|Out(r(U)\Out(m(Ui— )| < i — 2, (20)

Suppose the first statement is false; i.e. that {n(s#;):i=1,... p— 1} does not form an
antichain. Therefore there are i,j€{1,..., p — 1} with i#; and n(r;) < n(m;) w.rt.
the natural partial order of Ng. By our assumption on my,...,m,, we clearly have
L, je{4,..., p— 1}. We consider the following two cases:

Case 1: i<j. Here we have C(n(m;)) C C(n(m;)) Cn(U;—1) and hence n(U;_,)C
n(U;—1). We have therefore n(U;)=n(U;_;), which implies that Out(zm(U;))\
Out(n(U;-1))=0, proving (20).

Case 2: i>j. Here we have C(n(#;)) C C(n(m;)) and hence

3 1
(U= JC@mn= |J C@m)).

=1 I=1,14#j)
We see that in this case n(U;) is a filter of N3 generated by i — 1 elements. By
Lemma 14 every point of Out(z(U;))\Out(n(U;—,)) is contained in Out(n(U;)) and
is adjacent to C(n(#;)), which by Lemma 24 is at most / — 2, again proving (20).

Before we ge on to prove the second statement of Lemma 29, we will set forth two

helpful lemmas that will only be used within this proof of Lemma 29.

Lemma 30. Suppose 4,b,é€Ng are such that for every ic{1,...,n}
b; lies strictly between a; and c;. (21)

Then every point X adjacent to both C(d) and C(C) is contained in C(l;). Conse-
quently, if such d, b and ¢ are among the generators of a filter U of N, no point
of Out(U) is adjacent to both C(&) and C(&).

Proof. Assume X is /-adjacent to 4 and j-adjacent to ¢. Then every coordinate of ¥
other than the ith and jth coordinates is >the corresponding coordinates of both &
and ¢ and, hence, by (21) is also >the corresponding coordinate of b. Moreover, by
(21), no coordinate of 4 can equal the corresponding coordinate of ¢. Hence, by the
definition of i-adjacent and Remark 8, i and j must be distinct. By the fact that it is
i-adjacent to @, ¥ must have j-coordinate >that of 4. Thus we have a; <x;=c; — L.
Since b; lies strictly between g; and c;, it must be <¢;—1=x;. By the same argument
with the roles of i and ; interchanged, we likewise have b; <x;, completing the proof
that all coordinates of ¥ majorize the corresponding coordinate of b; i.e. that € C(b).

The final assertion of the lemma holds because a member of Out(U) cannot belong
to U, and hence in particular, cannot belong to C(b). O
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Lemma 31. Let fy,...,...m, N and let U,=U and U,_, =U~. Assume there is
a je{l,..., p— 1} such that there is ne point in Out(U,) adjacent to both C(f,)
and C(m;). If now

p p—1
= |J com) and U= |J COw)
ie=1, iAj =1, i#f
then we have Out(Up)\Out(Up—1)C Out(U7N\Out(U;_,), and therefore [Out(Up N\
Out(Up—)| < p— 2.

Proof. Let X €Out(U,)\Out(U,—1). By Lemma 14, X is adjacent to C(#1,) and hence
not adjacent to C(m;). Therefore X € Out(Uy).

Note that, in general, if U C U’ CU", then from the definition of Out, we have
Out(U)Y N Out(U"YC Out(U'); so, if x€O0ut(U;_;), then X€Out(U,} N Out(U;_;}C
Out(U,_)), a contradiction. Hence we have the lemma. [

Let us now go back to proving the second statement of Lemma 29. Let U as be-
fore be the filter of Nj generated by #,...,7, satisfying the conditions in (17). If
[Out(U)|=(p* —3p—2)/2 then we will show that M ={mu(f;): i=4,5,...,
p— 1} C N2 contains no 3 element chain in N2. To do this assume that we do have
a 3 element chain

T3 (i) < maq(y ) <maq(g) (22)

in M. By the first statement of Lemma 29, which we now have proved, we have that
{m(#;), n(m;), n(#y )} forms an antichain in N3 and hence we have

Py(rn;) > Py(;) > Py(g ). (23)

We want to show that in this situation there is an /€ {i,j,k} such that we have
[Out(m(Li))\Out(z(Ui—1))] <! — 2. We have three cases to consider. Note that the
numerical order of the indices 7, j,k is significant because of the assumption (4).

Case 1. j = max{i, j, k}. Recall that we have m; = (0,0, p—3,0) by the assumption in
(17). By (22) and (23) we can apply Lemma 30 to the triple {4, b, &} = {n(#3), n(#;),
n(;)}. Hence we have that there is no point in Out(n{U;)) adjacent to both C(n(#;))
and C(n(m3)). If

j—1

J
vr= |J c@) and U= | CO)

I=1, I#3 =1, 153
and hence
7 i1
Tg(b;a):: U C(n(ﬁu)) and 7!((1;[:1): U C(Tt(ﬁl[)),
=1, 1#3 i=1, I3

then we have by Lemma 31 that [Out(m(U;))\Out(n(Uj-1))| < |Out(n(U2))\
Out(n(U?2 ;)| <j — 2, proving (20) in this case.
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We will treat the cases i = max{i,j,k} and k= max{i,j,k} at the same time. So
assume h = max{i,j,k} where #€ {i,k} and let &’ be the member of {i,k} other than 4.
By (22) and (23) we can apply Lemma 30 to {&,b,¢} = {n(), n(r;), n(fg)}. Hence
there is no point in Out(n(l},)) adjacent to both C(z(rmy,)) and C(xn (A )), so if

h h—1
= |J com) ad yo,= |J com),
=1, I3k I=1, Ith!
then we get as before by Lemma 31 that [Out(n(T}))\Out(n(TUp—1))| < [Out(n(U N\
Out(n(U?,))| < h—2, proving (20). Hence we have the lemma. [J
For our final conclusion, we also need the following “folkloric” lemma:

Lemma 32. A sequence of length p of real numbers contains a subsequence of length
[\/P1 which is either increasing or strictly decreasing.

Using this we can prove

Lemma 33. If M CR® is a finite set with p elements, such that for some i€{1,2,3},
n;(M) forms an antichain in R?, then there is a j€ {1,2,3} such that n;(M) contains
a chain of [\/p] elements in R

Proof. By symmetry it suffices to show that if #(M) forms an antichain in R?, then
either m;(M) or m,(M) contains a chain of length [,/p] in R?. Assuming n(M) forms
an antichain, we can then label the elements of M as {(a;,b;,c;)ER3: [=1,2,..., p}
where

aj<ay< - <ap, (24)
by>by> - >by,. (25)

Consider the finite sequence ¢ =(cy,...,c,) of real numbers. By Lemma 32 ¢ contains
a subsequence of length [,/p] which is either increasing or strictly decreasing.

If this subsequence of & is increasing, then, by (24), (M) contains a chain in R?
consisting of [,/7] elements.

If this subsequence of ¢ is strictly decreasing, then by (25) =;(M) contains a chain
in R? consisting of [/7| elements, which now completes the lemma. [

By this we can finally get what we need to determine c4(13):
Lemma 34. c4(13) is not equal to 64.

Proof. Assume there is a filter U €%, such that |Out(U)| =64. If U is generated by
..., i3 €NJ we may assume by Lemma 20 that [, ] - - - [iit;3] = [D]10-I4 4] where
D is a 13 x 9 matrix each row of which consists of the positive integers 1,2,...,9.
Since 64 =(13% — 3 .13 — 2)/2, Lemma 29 applies to {maa(;): i=1,2,...,9} CN2,
which therefore cannot contain any 3 element chain in N3 and must therefore contain
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an antichain of 5 elements. Let M C{sy,..., My} be the 5 element set such that n34(M)
is the antichain mentioned. Applying Lemma 33 to n(M ), we have that either 74, (M)
or ms (M) must contain a chain consisting of [v/5] =3 elements in N2, which again
contradicts the second statement of Lemma 29. Our assumption that |Qut(U)| =64 is
therefore wrong and we have proved the lemma. O

We now have the following theorem that summarizes what we have so far.

Theorem 35. For p >4 we have

C4(P)=(P2 - 3P - 2)/2 for p€{4’5,"-912}’
ca(13) =63,

ca(p)<(p* =3p—4)/2 for p>13.

Proof. By Lemma 27 we have the first statement. Lemmas 28 and 34 yield the second
statement. Since ¢4(13)<(13% —3-13 — 2)/2, we have by Corollary 26 the third and
last statement of the theorem. [

Remark. One sees clearly from the above theorem that c4(p) for p>4 is not a
polynomial in p, which by Theorem 19 could only have been of degree 2.
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